We investigate the mechanics of heterogeneous vesicles having a collection of phase-separated domains with different preferred curvatures. We develop approaches to study at the coarse-grained level and continuum level the role of phase separation, elastic mechanics, and vesicle geometry. We investigate the elastic responses of vesicles both from passive shape fluctuations and from active deformations. We develop spectral analysis methods for analyzing passive shape fluctuations and further probe the mechanics through active deformations compressing heterogeneous vesicles between two flat plates or subjecting vesicles to insertion into slit-like channels. We find significant domain rearrangements can arise in heterogeneous vesicles in response to deformations. Relative to homogeneous vesicles, we find that heterogeneous vesicles can exhibit smaller resisting forces to compression and larger insertion times into channels. We introduce quantitative approaches for characterizing heterogeneous vesicles and how their mechanics can differ from homogeneous vesicles.
I. INTRODUCTION
In biological membranes and in the synthesis of two dimensional soft materials, there is the potential for significant interplay between phase separation, membrane mechanics, and geometric effects [5, 11, 24, 31, 32, 40, 44, 47] . Biological membranes consist of a complex heterogeneous mixture of different lipid species, proteins, and other small molecules [1, 31, 43] . Many biological processes rely on phase separation processes to organize the membrane into domains or rafts [7, 21, 31, 42] , or to control local mechanical properties [3, 23, 37, 39, 47] . This includes localization through the formation of phaseseparated domains suitable for insertion, assembly, and activation of membrane-proteins such as channels, receptors, or anchoring sites of the cytoskeleton [1, 9, 11, 29, 30] . This also includes the initiation of the formation of buds or endocytosis [5, 10, 25, 34, 35] , or in local control of diffusivity [2, 17, 26, 37] , fluidity [3] , or bending moduli [5, 23, 46] .
For technological applications and as model physical systems, synthetic soft membranes also recently have been introduced consisting of self-assembled colloidal particles that can form sheets, referred to as colloidal membranes [4, 8] . Some of these have been synthesized to exhibit fluid states and with phase-separated domains [4] . The phase-coarsening kinetics, diffusivity, and domain interactions of such colloidal membranes were studied in [40] . The colloids comprising these systems are driven to self-assemble by depletion forces and often consist of elongated rods [4] . Chirality can also be introduced for the colloidal units adding features to influence phase separation and the membrane mechanics [4, 40] .
We focus here on the case of vesicles with membranes consisting of two molecular species having different preferred local curvatures. For spherical vesicles, it has been observed in experiments that the finite size of domains and domain curvature can result in interesting geometric structures [5, 47] . Phase separation kinetics, surface transport, and other mechanical properties of heterogeneous membranes have been studied experimentally in [5, 24, 47] .
To understand better the underlying physical mechanisms in such systems, we develop coarse-grained computational models and related quantiative analysis approaches. As a basis for our computational studies, we utilize a single-bead implicit-solvent coarse-grained model introduced in Yuan et al. [49] . In this approach, the membrane is modeled by a collection of orientable beads having an additional director degree of freedom. For biological membranes, the beads can be thought of as representing small patches of lipids and their orientation as taking into account on a coarse-grained level the collective molecular-level orientation order within the patch. For synthetic colloidal membranes, the directorbead model can be interpreted as capturing the effective physical interactions of distinct colloidal particles that are orientable and with the sterics handled by spherical repulsive interactions. We develop an implementation of this model and stochastic time-step integrator in LAMMPS [36] related to our prior work [48] and the work by [13] .
To quantitatively characterize our simulations and compare our results with continuum mechanics, we develop spectral analysis methods for mapping the shape of our vesicles to continuum descriptions. Our spectral approach of the vesicle shape is based on a spherical har-monics expansion and a mapping operator constructed using Lebedev quadratures [27, 28, 41] . We use this approach along with results from statistical mechanics to analyze the passive thermal fluctuations of vesicles. We use these results to investigate the elastic bending modulus and other responses as we vary the vesicle size and phase concentrations.
For heterogeneous vesicles with molecular species having different preferred local curvatures, we investigate the roles of phase separation, membrane mechanics, and related geometric effects. We find the phase-coarsening into domains can stall at finite size as sub-domains form with sufficiently large curvature, consistent with [5, 13, 50] . In the case of more extreme curvature differences between phases, we find that budding events can occur yielding small daughter vesicles.
We perform further active studies of our heterogeneous vesicles. We perform experiments subjecting them to compression between flat plates. We also perform studies subjecting vesicles to insertion into slit-like channels. Associated with deformations of the heterogeneous vesicles, we find the phase domains can undergo significant rearrangements influencing mechanical responses. We find for our insertion experiments that domains can also undergo additional deformation-driven phase coarsening along with rearrangements during the changes in vesicle shape. We characterize quantitatively these behaviors showing how heterogeneity can significantly alter responses relative to homogeneous vesicles. We find that resisting forces to compression can become decreased in some instances relative to the homogeneous case. Our results for heterogeneous vesicles indicate some of the underlying mechanisms by which mechanical responses can differ significantly from those of homogeneous vesicles.
We organize the paper as follows. In Section II, we present the coarse-grained model of the membrane. In Section III, we discuss our simulation approaches for assembly of spherical vesicles and sampling of the phase separation and shape fluctuations. In Section IV, we introduce spectral analysis methods for analyzing from passive thermal fluctuations the membrane elasticity and other geometric effects associated with the membrane mechanics. In Section V, we discuss our results for (i) membrane elasticity vs vesicle size, (ii) two-point correlation functions for the undulations of homogeneous and heterogeneous vesicles, (iii) active compression of heterogeneous vesicles, and (iv) vesicle insertion into slit-like channels. Our results show some of the ways in which phase separation, elasticity, and geometry effects can interact in mechanical responses of heterogeneous vesicles.
II. COARSE-GRAINED MEMBRANE MODEL
We investigate the mechanics of heterogeneous vesicles at the level of coarse-grained models and continuum mechanics. As a mesoscopic description of the phase separation and mechanics, we utilize the single-bead coarsegrained model of Yuan et al. [49] . In this approach, the membrane is modeled by a collection of orientable spherical beads that have both a translational degree of freedom r i for the center-of-mass location and a rotational degree of freedom n i for the direction of orientation.
For lipid membranes, the beads can be thought of representing at the coarse-grained level a small patch of lipids with the orientation n i serving as the local order parameter for the collective alignment of lipid molecules within the patch. This allows at the coarsegrained level to account for molecular interactions arising from hydrophilic-hydrophobic effects driving membrane assembly [20] .
One could also interpret the model as a representation for a colloidal membrane with the beads representing individual colloidal particles having orientation-dependent interactions and spherical sterics. In either case, the orientation degrees of freedom n i provide an important way to capture broken symmetries in the physical system that drive assembly of two-dimensional membrane sheets.
We define for the coarse-grained model a few characteristic physical scales. We use Lennard-Jones (LJ) units with an energy scale of , a length scale of σ, and a mass scale of m. All other units we define in terms of these reference scales. We define our characteristic time scale as τ ∼ mσ 2 / .
To account for the interactions between two beads at location r i and r j , we introduce the unit vectors accounting for orientation n i and n j . We denote the relative displacement between the two beads as r ij = r i − r j and relative angle as θ ij . In these interactions, the beads have a preferred angle of alignment which we denote by θ 0 . We illustrate these degrees of freedom in terms of the configuration of two interacting beads in Fig. 1 . Figure 1 . Particle Interactions. For two coarse-grained beads at locations ri and rj, the particle interactions depend on both the relative displacement rij and the orientations ni, nj, with the in-plane angles θi, θj. For the interaction energy in Eq. 1 minimization occurs when |rij| = 6 √ 2σ and θi = θj = θ0.
We account for interactions between pairs of beads using a potential energy U that depends on both the relative positions and orientations. This has the general form
In this notation, we denote for brevity s = (r ij , n i , n j ).
The repulsive steric interactions u R are modeled by a 4-2 Lennard-Jones (LJ) potential energy
with u R (r) = 0 for r > r b . We take r b = 6 √ 2σ for the effective size of a bead. The attractive interactions u A are modeled by the potential energy
The parameter ζ allows for tuning the strength of the particle attractive forces. The interactions are truncated at the critical cut-off length r c = 2.6σ. The attractive and repulsive interactions also depend on the relative orientations of the beads through the term
where
We give a summary of the key parameters of the model in Table I . We give specific default values used throughout our simulation studies in Table II . We perform simulations of the membrane in the NVT ensemble. We develop Langevin thermostats and associated stochastic time-step integrators for both the translational and rotational degrees of freedom. Our approach shares similarities with the Velocity-Verlet scheme [12] , where we update over a half-time step the velocity and configuration degrees of freedom. However, we emphasize that as a consequence of friction and thermostatting forces such schemes do not preserve the time reversibility as in the deterministic setting.
Our stochastic time-step integrator uses three main stages. In the first stage, we update over a half time step the momentum associated with the translational degrees of freedom and update over the full time step the part of the configuration associated with the translational degrees of freedom. We then update similarly the rotational degrees of freedom. We then recompute forces and effective torque contributions and update the momentum of the translational and rotational degrees of freedom over the remaining half time step. The friction and stochastic terms contribute as part of the forces and effective torques calculated during the updates.
In more detail, we update in the initial stage the translational degrees of freedom
The r denotes the collective bead positions and v the collective bead velocities. The a n = F n /M denotes the acceleration of the beads, with F n the force and M the mass of the beads.
In the next stage, we update the rotational degrees of freedom
Then denotes the collection of orientation director vectors associated with the beads, w the tangential velocity of the directors, and q the collection of quaternion [22] vectors for the rotational description of the orientation of the beads. The angular acceleration is denoted by A = t/I, where the t are the forces associated with the director degrees of freedom, similar to a torque, and I plays a role similar to the moment of inertia. We remark that we compute the angular dynamics using directly the director representation. For brevity in our nomenclature throughout the paper, we refer to these associated director forces as torques to emphasize how they contribute, but it should be kept in mind these quantities technically correspond to torques through an additional crossproduct. The ω denotes the angular velocity vector associated with the tangential velocity of the directors. The arrows should be interpreted as conversion of a quantity to an equivalent vector in the new representation denoted by the notation. We use these updated translational and rotational degrees of freedom to recompute forces and torques acting on the system to obtain a n+1 , A n+1 . In the final stage, we update the momentum associated with the translational and rotational degrees of freedom
The interaction forces, friction, and thermal fluctuations contribute to the dynamics through the collective force
The F U = −∇ r,n U denotes force from the potential U in Eq. 1 with collective gradient with respect to both the translational and rotational degrees of freedom. We give expressions for computing forces and torques in Appendix A. The friction F F is modeled by the forces [38] . The translational thermal forcing is
, and the rotational thermal forcing is
, where formally ξ(t) andξ(t) are independent white-noise Gaussian processes [14] , ξ(t)ξ(t ) = δ(t−t ) and ξ (t)ξ(t ) = δ(t−t ).
We have performed validation studies for our coarsegrained simulations by making comparisons to predictions from statistical mechanics for the Maxwellians of the rotational and translational velocities [38] . For further validation, we observed the domain interface lengths follow the inverse power law L ∼ t −α , where we find 0.2 ≤ α ≤ 0.3, and we also observed the stalling of domain coarsening in a manner positively correlated with the interaction parameter θ hc,hc . Both results are consistent with previous simulation results in [50] .
We remark that while we simulate our models using an inertial description of the dynamics, in practice in the parameter regimes we consider the system exhibits over-damped dynamics with negligible contributions from inertial effects. We have implemented the single-bead model in the LAMMPS molecular dynamics framework building on [36, 48] .
B. Parameterization
To obtain stable vesicles exhibiting phase separation in a fluid phase membrane, we performed exploratory simulation studies over the parameters. To model phase separation we introduced a weight for the interactions between the high-curvature (hc) beads and the lowercurvature base (b) phase. We used a weight factor of 0.65. We characterize the relative concentration of the high-curvature phase by the percentage n hc of beads representing the phase relative to the total number of beads. For all of our simulations we use as our default base-line parameters the values found in Table II . For the Langevin thermostat our base-line default parameters are given in Table III . 
C. Vesicle Assembly and Equilibration
We assemble vesicles by developing a geometric generator for spheres based on Spherical Fibonacci Point Sets (SFPS) [33, 45] . As an initial configuration we placed each bead at the locations of the SFPS with the bead orientation matching the outward normal of the sphere. To equilibrate the system, we treat the vesicle initially as homogeneous and run simulations under the Langevin thermostat over a long trajectory. During these simulations the beads both diffuse and mix within the membrane structure, and in some instances spontaneously eject or insert into the membrane surface. After the equilibration stage, we perform our simulation studies investigating more complex phenomena.
To investigate phase separation, we start with an equilibrated homogeneous vesicle and then change the identities of some of the beads to represent the high-curvature phase. We then allow the system to evolve from this stage under the interaction potential of the two phase system discussed in Section II. We found membrane structures remained stable throughout all of our simulations. We found there was not significant loss of beads within the two-phase membrane structures other than explicit budding events.
IV. SPECTRAL ANALYSIS METHODS: PARTICLE-TO-CONTINUUM MAPPING
To investigate the coarse-grained vesicle structures, we introduce techniques to map collective particle configurations to a continuum description. Our approach is based on spherical harmonics expansions and sampling at Lebedev quadrature nodes [27, 28] . Our continuum representation allows for use of approaches from differential geometry and statistical mechanics to characterize membrane shape and mechanical properties.
A. Spherical Harmonics Surface Representation
We represent the membrane surface in terms of the position function r(θ, φ) = r(θ, φ)ê(θ, φ)σ. The θ denotes the polar angle and φ the azimuthal angle for the spherical coordinate chart,ê(θ, φ) denotes the corresponding vector on the unit sphere, and σ denotes our length-scale.
We expand the radial component r of the function in spherical harmonics as
We denote by Y m the spherical harmonic of degree and order m. The superscript * denotes the complex conjugate. The a m and expression in Eq. 11 gives the expansion coefficients for r(θ, φ) in spherical harmonics. We can view this as the L 2 -inner product a m = r(θ, φ), Y m (θ, φ) L2 over the sphere surface. To approximate in practice the intergration over the surface of the sphere and the inner-product, we use Lebedev quadratures [27, 28] . We estimate the radial function r(θ k , φ k ) asr k using the coarse-grained beads comprising the membrane surface. We computer k using a ray generated by the angles (θ k , φ k ) associated with the k th Lebedev quadrature node on the unit sphere and the coordinates of the closest bead to this ray on the surface.
We approximate Eq. 11 by the discrete sum
The q k denotes the Lebedev quadrature weight associated with the k th node [28] . We remark that the Lebedev quadrature provides a convenient sampling of the shape with some desirable features such as having more symmetry than widely used lattitude-longitude samplings. For instance, the Lebedev nodes have an octohedral symmetry and less clustering near the poles of the sphere [16, 28] . Equation 12 provides through the spherical harmonics expansion a continuum representation of the membrane surface geometry.
We demonstrate our particle-to-continuum mapping in Fig. 2 . Here we sampled the configuration of a two-phase membrane and reconstructed the shape using the continuum representation obtained from the spherical harmonics expansion. We also have developed related approaches for capturing the leading-order spherical harmonic modes representing other fields and hydrodynamic flows on surfaces of vesicles in [15, 16, 41] .
B. Bending Elasticity of Membranes
We consider the elasticity theory for homogeneous membranes introduced by Helfrich [18] and Canham [6] Figure 2. Particle-to-Continuum Mapping. We construct a continuum representation of the collective molecular configurations {(xi, yi, zi)} of the vesicle by using for each angle an estimated radial shape function r(θ, φ) mapped to a spherical harmonics expansion using Lebedev quadratures, as discussed near Eq. 11. We show on the left the particle representation of the membrane and on the right a reconstruction of the shape using our spherical harmonics approach. We perform calculations using 590 Lebedev quadrature points in Eq. 12 for spherical harmonics of degree ≤ 21.
based on local mean and spontaneous curvatures. The free energy E associated with membrane shape is
The k c denotes the bending rigidity, H the mean curvature, c 0 the spontaneous curvature, and dA the infinitesimal vesicle surface area. We can linearize the free energy in Eq. 13 around the reference configuration of a sphere and expand in spherical harmonics. We consider the case of a vanishing spontaneous curvature c 0 = 0. In this case, the linearization yields an expression [51] for the free energy in terms of the spherical harmonics expansion as
The a m denote the spherical harmonic expansion coefficients of the shape discussed in Section IV A. For physical vesicles comprised of molecular or particle constituitents, the thermal undulations are modeled in Eq. 14 and [19] only up to the leading spherical harmonic modes above the molecular length-scales. Since the material is not a pure continuum, this results in aliasing artifacts in the harmonics description and for sufficiently small vesicles can result in what manifests as effective enhancement of the amplitudes of the fluctuations of harmonic modes.
Using the linearized theory of Eq. 14 to estimate a bending rigidity k c can then lead to an under-estimate of the mechanical rigidity. Helfrich derived correction terms to account for higher-order contributions in [19] giving the size-dependent effective bending rigidity
For spherical geometries, the M represents half the number of amphilic molecules of a lipid bilayer membrane or more generally the number N of particles comprising a leaflet of the membrane surface. The term involving M can be viewed as an entropic contribution capturing neglected degrees of freedom of the system in the linearized elasticity theory such as higher-order contributions in the free energy [19] . The molecular parameter M = N ≈ κ4πr 2 0 is proportional to the area of the membrane surface. We can express Eq. 15 as
Within Helfrich's theory for the area corrections of the linearized elasticity when treating vesicles as quasispherical [19] , the coefficients would be K = βk c − 1 8π log (κ4π) and C = 1/4π. We expect more generally for other entropic effects to contribute to the elastic bending modulus with a similar scaling as Eq. 16. This would correspond to other values of K and C. We show in Section V B that such a scaling theory can be used with fit values of K and C to characterize how the estimated bending rigidity varies with the size of our coarse-grained vesicles.
Spherical Harmonics Conventions and Scale Separation
In practice, we have found it convenient to perform analysis using a real-valued spherical harmonics basis 
This yields a real-valued basis comprised of Y m for m = 0 and X m , Z m for > 0, m > 0. This has corresponding expansion coefficients a ,0 , x m and z m similar to [15, 16] . We can relate this to our spherical harmonics expansion coefficients a m by
We remark that to apply continuum theories and expansions meaningfully to quasi-spherical shapes, we rely on some level of scale separation between the particlelevel interaction scales and larger scales associated with the material deformations and shape. We expect the continuum mechanics to capture for physical materials only to leading order the collective mechanics associated with molecular interactions. For small physical objects which approach particle or molecular scales, such as our nanoscale vesicles, it is important to characterize the scale separation.
We characterize this condition by letting d denote the characteristic molecular or particle interaction lengthscale. This length can be thought of as a small arc drawn along the equator of a sphere having radius r 0 . To characterize the size of a quasi-spherical vesicle, we use r 0 = a 00 / √ 4π where a 00 is the coefficient of the constant spherical harmonic mode determined from Eq. 11. In spherical coordinates, the azimuthal angle is given by φ = d/r 0 . The spherical harmonic Y m has azimuthal angle dependence through the term e imφ , with largest frequency when m = ± , giving the smallest wave-length scaling as λ ∼ r 0 /m ∼ r 0 / .
When d = σ for the bead size, this indicates the local molecular or particle-level contributions start to dominate the spherical harmonics expansion when the harmonic degree is on the scale ∼ r 0 /d ∼ r 0 /σ. This suggests the modes with r 0 /σ most significantly capture at the level of continuum mechanics the responses of the system.
Analysis of Passive Shape Fluctuations and Bending Rigidity
We use the passive thermal fluctuations of the vesicle shape to obtain information about the elastic bending modulus. From equilibrium statistical mechanics, the shape fluctuations are governed by the Gibbs-Boltzmann distribution
Using the free energy of Eq. 14, we have over the shape modes that ρ[{a m }] is a Gaussian distribution with mean zero and variance
where 
When the variances are uncoupled for the different harmonic orders m, as in the elasticity theory of Section IV B, we can average using
For spherical geometries in the basis expansion of Section IV A we have that a m = 0 for = 0. We estimate the bending rigidity k c by using a linear regression in log space. In particular, we use the estimator
where b = log (2r 2 0 /βk c ) and m = 1. In practice, we estimate an effective bending rigidity k c from Eq. 16. We show in Section V B that the empirical data exhibits the expected logarithmic scaling with fit values of K and C when varying the vesicle size r 0 .
V. RESULTS

A. Phase Separation in Heterogeneous Vesicles
We investigate the mechanics of homogeneous and heterogeneous vesicles. Depending on the level of heterogeneity as measured by the concentration of the second phase relative to the base phase, we can get different behaviors, see Fig. 3 . When the preferred curvature of the second phase is the same as the base phase, a mixture of the phases coarsens until the phases are separated. In a spherical topology this tends to occur with the formation of two large meta-stable domains. As the preferred curvature of the second phase increases, the coarsening dynamics stalls with domains of a size determined by the elastic energy associated with the deformations caused by the second phase. As the preferred curvature increases further, the coarsening dynamics proceeds until a critical size after which daughter vesicles bud from the vesicle, see Fig. 3 . We study here primarily the intermediate regime where the coarsening stalls and forms a number of distinct domains of the high-curvature phase.
We first study the passive thermal fluctuations of the shape of homogeneous vesicles and how mechanical responses scale with the vesicle size. We then study for both homogeneous and heterogeneous vesicles the surface two-point correlation functions of the fluctuations of the vesicle shape. We show heterogeneous vesicles can exhibit non-trivial spatial-correlation functions as a consequence of the sub-domain mechanics, making a direct spectral analysis challenging. We discuss the membrane undulations of homogeneous and heterogeneous vesicles in Section V B.
We next investigate the active deformations of heterogeneous vesicles having sub-domains with larger preferred curvatures than that of the base phase. We actively compress these vesicles between two plates to probe their mechanics. We investigate how the resisting forces on the walls depend on the concentrations of the highcurvature phase in Section V D.
We further investigate the mechanics of heterogeneous vesicles when driven to insert into slit-like channels, similar to how flow might drive a vesicle from the bulk into a channel. We investigate the deformations associated with the insertion process as the high-curvature phase concentration is varied. We also study the associated transit times for vesicles to move through channels in Section V E. Our results show some of the ways in which heterogeneous vesicles can behave significantly different than homogeneous vesicles. Figure 3 . Phase Separation and the Pathways Depending on Preferred Curvatures. For heterogeneous vesicles with two species, we show three example pathways that arise as the preferred curvature is varied. In the case of matched curvatures between the two phases θ hc,hc ∼ 0, we see that phase separation occurs to form large domains (top). In the case of one high-curvature species θ hc,hc 0, we see phase coarsening stalls and distinct curved sub-domains form (middle). As the curvature increases θ hc,hc 0, the phase separation can result in domains that bud to form daughter vesicles (bottom). The simulations depicted contained 8000 beads with n hc = 0.33, k b T = 0.20 , µ b,b = 3.0, and µ b,hc = 6.0.
B. Homogeneous Vesicles and Size-Dependence of the Bending Elasticity
We investigate the bending elasticity of homogeneous vesicles based on passive shape fluctuations. We estimate the elastic bending modulus using the methods developed in Section IV B 2. We study the mechanical responses as the vesicle size is varied from 1255 beads with r 0 ∼ 9σ to 20088 beads with r 0 ∼ 36σ.
For these vesicles, we show how the variances of the spherical harmonic modes a m scale with degree in Fig. 4 . We average the modes over order m as pre-sented in Eq. 22. The linearized continuum elasticity theory predicts a scaling of Var[a m ] ∼ ( + 2)( 2 − 1) −1 .
While holding the particle interaction parameters fixed for the coarse-grained model, we find the estimated elastic bending modulus decreases as the size of the vesicle increases, see Fig. 4 . Correction terms were developed by Helfrich [19] for how the estimated bending rigidity obtained from the linearized elasticity theory varies with the vesicle size as a result of entropic contributions neglected in a linear expansion. Our results show a similar trend with our coarse-grained vesicles having mechanical responses that exhibit a scaling similar to Eq. 16. We show the estimated bending modulus in log-space as the vesicle size is varied in Fig. 5 . We find a good fit is obtained for the scaling theory with the regression parameters K = 186.08 and C = 34.70 in Eq. 16. For passive shape fluctuations, we find the variances of the harmonic modes vs degree are in good agreement with the continuum elasticity theory in Eq. 22. As the vesicle radius is made larger, we find for our coarse-grained vesicles the amplitude of the shape fluctuations increases similar to related predictions by Helfrich [51] and Eq. 15.
C. Shape Fluctuations of Heterogeneous Vesicles
We study the shape fluctuations of both homogeneous and heterogeneous vesicles by investigating the two-point correlations associated with the radial shape function r(θ, φ). By symmetry we reduce this to studies of twopoint correlation functions where a base point is chosen with which we correlate other points' radii on the vesicle surface. The base-point can be thought of as being at the north pole of the vesicle with angles (θ 0 , φ 0 ) = (0, 0) by applying an appropriate rotation to the vesicle. We then correlate the other points of the vesicle at polar Figure 5 . Bending Elasticity for Vesicles of Different Sizes. We find the bending elastic modulus of the vesicle decreases as the vesicle size increases. This logarithmic scaling is similar to the correction terms derived in Helfrich [51] and Eq. 15, with a fit of the parameters K = 186.08, and C = 34.70.
angle θ by averaging the results over the azimuthal angle φ. For a given way of choosing the base-point, this gives the two-point correlation function ψ = Cov[r θ=0 r θ ]. In practice, we approximate this by the estimatorψ = 1/m
θ=0 is the i th sample of the base-point and r
θ is the i th sample of the radius for any point with polar angle θ. As part of this sampling, we also average over a few randomly chosen base-points of the phase that satisfy specified criteria of the case studied. Ther θ denotes the empirical mean of the radius of points with polar angle θ.
We consider the cases (i) when the base-point is chosen at random on the surface for a homogeneous or heterogeneous vesicle, (ii) for a heterogeneous vesicle the basepoint is chosen to be within the domain with phase hc at the point of largest radius (typically this is near a domain center), and (iii) for a heterogeneous vesicle the base-point is chosen to be within any point of the domain with phase b. We show our results for these studies when we had homogeneous vesicles with n hc = 0.0 or heterogeneous vesicles with n hc = 0.025 in Fig. 6 .
We find for the two-point correlations with random base points as in case (i) that both the homogeneous vesicle and the heterogeneous vesicle exhibit a strong negative correlation at around θ = π/2. We also see a strong positive correlation at around θ = π. The angles for the positive and negative correlations indicate there are significant ellipsoidal shape fluctuations in the overall geometry of the vesicles. We see this behavior persists when also considering correlations at a base-point chosen in the base phase b. When the base-point is chosen within the high-curvature domain of phase hc, we see more complicated behavior arises. The correlations appear to be strongest within the high-curvature domain with relatively weak correlations with the regions of the base phase b, see Fig. 6 . All of our correlation functions were normalized by the n hc = 0.0 surface variance at θ = 0, Var[r θ=0 ] = 0.38.
We see from these two-point correlation functions some Figure 6 . Two-Point Correlation of Surface Radial Function vs Polar Angle θ. We show the two-point correlations of the radial shape function r(θ, φ) for homogeneous and heterogeneous vesicles. We consider the cases when the base-point is chosen (i) at random on the surface for a homogeneous or heterogeneous vesicle, (ii) to be within a high-curvature domain of phase hc, and (iii) to be any point of the base phase b. We see the vesicles in cases (i) and (iii) exhibit significant ellipsoidal shape fluctuations indicated by the negative correlations around θ = π/2. In case (ii) we see the correlations are most significant between locations within the high-curvature domain and relatively weak between the high-curvature locations and the outside locations within the base phase. All results are normalized in scale by the variance at θ = 0 of the homogeneous vesicle.
of the inherent challenges in developing a direct spectral analysis theory for the bending elasticity of heterogeneous vesicles that is comparable to the homogeneous case. Estimating mechanical properties from observed passive shape fluctuations is more difficult given the large sub-domains that have different local mechanical properties and can diffuse or rearrange during deformations. In the following sections, we take a different approach by actively driving deformations of the vesicles to probe their mechanical properties.
D. Compression of Heterogeneous Vesicles: Mechanical Responses
We investigate the mechanical responses of heterogeneous vesicles to active deformations by compressing them between two plates. We construct a collection of equilibrated coarse-grained vesicles with varying concentrations of the high-curvature species with θ hc,hc = 5.73
• . We consider the specific concentrations n hc = 0.025k where k = 0, 1, 2, ..., 7. The n hc gives the percentage of high-curvature species in the membrane. Our equilibrated non-spherical vesicles have a size we characterize by the expansion coefficient a 00 for the harmonic mode Y 0 0 in Section IV B 1. Our vesicles have similar characteristic radius r 0 ranging from r 0 ∼ 30.1 for n hc = 0.0 to r 0 ∼ 28.9 for n hc = 0.175. Figure 7 . Compression of Heterogeneous Vesicles and Domain Rearrangements. We show the compression of a heterogeneous vesicle with n hc = 0.175. In the initial stages of compression, we see the high-curvature domains tend to rearrange to accommodate the deformation. On further compression, we see both the high-curvature and base phases deform significantly. The high-curvature domains tend to arrange themselves parallel to the walls along the free perimeter of the compressed vesicle.
We compress our vesicles by moving a top wall downward toward a stationary wall below. We move the top wall at a constant speed of v = 0.003σ/τ . The steric particle-wall interactions are modeled by a 9-3 LJ-potential with depth wall = 0.01 with length-scale σ wall = σ. We compute the particle-wall force using the approach in Appendix B.
During the compression process, high-curvature domains tend to arrange themselves parallel to the walls around the free perimeter of the vesicle, see Fig. 7 . In the initial stages of compression, both the homogeneous and heterogeneous vesicles take on an ellipsoidal shape, see Fig. 10 . While the overall shape changes in these leading-order modes are similar for the homogeneous and heterogeneous vesicles, the heterogeneous vesicles can accommodate better the stresses associated with these deformations by rearrangement of the high-curvature domains towards the areas of larger curvature. We expect this would allow for the shape to incur less of an energetic cost for the deformation since the high-curvature domains are already preferentially curved.
We investigate the resisting forces the vesicles exert on the walls as the level of heterogeneity increases in Fig. 9 . We see a decrease in the resisting force a vesicles exerts on the walls as the level of heterogeneity increases. As the compression becomes larger, and the shape more pancake-like, both the high-curvature domains and base phase deform significantly. We see a significant decrease in the resisting force for the heterogeneous vesicles as the concentration of the high-curvature species increases, see Fig. 9 . These results show some of the ways in which the phase-separated domains can contribute to mechanical Figure 8 . Resistance to Compression of Heterogeneous Vesicles. We study the resisting forces associated with compression of heterogeneous vesicles between two plates. In the initial stages the vesicles exhibit a mild resistance to compression associated with overall shape deformations and fluctuations. As the compression proceeds the high-curvature domains rearrange to accommodate deformation by organizing along the perimeter away from the plates, see inset and Fig. 7 . In the later stages of compression both the high-curvature and base phases significantly deform. For a few different levels of the compression with ∆z = 45σ, ∆z = 33σ, ∆z = 20σ, and ∆z = 16σ, as indicated by the dashed lines, we show the resisting force vs the phase concentration in Fig. 9 .
responses of heterogeneous vesicles.
E. Insertion and Transport of Heterogeneous Vesicles within Channels
We study further the mechanics of heterogeneous vesicles by considering how they insert and are transported within slit-like channels. We investigate the insertion and transport times of heterogeneous vesicles when varying the concentration of the high-curvature phase. We consider the case when there is a constant force acting on all particles of the vesicles. This can be thought of as a simplified model of stresses from a fluid flow acting to insert and move a vesicle down the channel.
We take throughout our simulations the driving force to be F d = −(0.015 /σ)ẑ. The channel geometry consists of two plates with separation distance 30σ. We smooth the entrance of the channel with two cylinders, both of radius 50σ. At the start, vesicles have effective radii ranging from r 0 ∼ 30.1 for n hc = 0.0 to r 0 ∼ 26.0 for n hc = 0.3, as determined from the a 00 basis-expansion coefficient corresponding to spherical harmonic mode Y 0 0 . We show the channel and some typical configurations of the vesicles before, during, and after insertion in Fig. 11 .
For heterogeneous vesicles with different concentrations of the high-curvature phase, we compare insertion Figure 9 . Resistance to Compression of Heterogeneous Vesicles. We show the z-component of the resistance force vs concentration n hc of the high-curvature molecular species for a few wall-separation distances ∆z. We find at separation ∆z = 33σ for each concentration all vesicles exhibit similar resistance forces. As the wall-separation decreases to ∆z ∼ 16σ, we find for the more heterogeneous vesicles (larger n hc ) there is a decrease in the resistance force to compression.
and transport in the channel with the behaviors of homogeneous vesicles. We study the distance z(t) traveled by a vesicle over time duration t and report results in terms of the lag distance ∆z lag = z(t; n hc ) − z 0 (t) between the position z(t; n hc ) of the heterogeneous vesicle with concentration n hc and the position z 0 (t) of a homogeneous vesicle. Our trials are averaged over 10 random initial orientations of each vesicle. We report the results of these studies in Fig. 12 .
When the heterogeneous vesicles insert within the channel, a number of effects contribute to the mechanical responses and transport times. The heterogeneous vesicles are of non-spherical shape, giving some dependence on the initial orientation when encountering the channel entrance. The vesicles enter the channel through a combination of rearrangement of the phase domains, further deformation-driven phase coarsening, and overall changes in the shape. By the time t = 3900τ , all of the vesicles were fully inserted within the channel. We find for the vesicle transport a larger average lag and larger lag variance as the level of vesicle heterogeneity increases, see Fig. 12 .
We further explore the insertion and transport process by investigating the shape changes in both the heterogeneous and homogeneous cases using our particle-tocontinuum mapping methods introduced in Section IV, see Fig. 13 . We see the homogeneous vesicles initially have a nearly perfect spherical shape that must deform to insert into the channel. The heterogeneous vesicles start with a more ellipsoidal shape arising from the inherent stresses associated with the arrangement of the high-curvature domains. This manifests as negative coefficients in the higher-order modes shown in Fig. 13 . For the heterogeneous vesicles, insertion into the channel re- Figure 10 . Vesicle Shape Changes during Compression. We show how a selection of dominate shape modes evolve during compression of a heterogeneous vesicle with n hc = 0.175 and homogeneous vesicle with n hc = 0.0. We use our particleto-continuum mapping approaches introduced in Section IV. Shown are the coefficients a00, a20, x22, and a40 corresponding respectively to the real-valued spherical harmonic basis functions sults in the high-curvature domains rearranging on the surface and further overall shape changes to fit the channel geometry, see inset in Fig. 13 . We see this manifests in the spherical harmonics coefficients as a delay in the coefficients reaching the equilibrium values for x 22 and a 40 in Fig. 13 . We see the overall shapes in these leading- Figure 12 . Insertion and Transport of Heterogeneous Vesicles in Channels. We investigate the distance z traveled by a vesicle down the channel over the time duration t. Results are reported in terms of the lag distance ∆z lag = z(t; n hc ) − z0(t) between the position z(t; n hc ) of the heterogeneous vesicle and z0(t) of the homogeneous vesicle. The reported lags are averaged over 10 simulations with the vesicle having random initial orientation. For the case t = 3900τ , when all vesicles were fully inserted into the channel, we also report using bars the range of the smallest and largest lags observed over the trials. We see longer average insertion times and increased variance for increasingly heterogeneous vesicles relative to the case of homogeneous vesicles.
order spherical harmonic modes tend to the same values for both the heterogeneous and homogeneous vesicles.
It is interesting that while the heterogeneous vesicles were better able to accommodate deformations during compression relative to homogeneous vesicles, they take more time on average to insert into channels. This appears to be a consequence of the sequential nature of the insertion process where only the leading part of the vesicle at first is subjected to deformation. Depending on the initial orientation and arrangements of the phase domains, this can push the high-curvature domains to the rear. This then requires further rearrangements, phasecoarsening, or other deformations to accommodate full insertion into the channel. These simulation results show some of the ways in which heterogeneous vesicles can differ significantly from their homogeneous counter-parts in channel transport processes.
VI. CONCLUSIONS
We have investigated the mechanics of heterogeneous vesicles in response to both passive thermal fluctuations and active deformations. Heterogeneous vesicles exhibit interesting behaviors arising from the interplay between phase separation, elasticity, and geometric effects. We find approaches commonly used to characterize homogeneous membranes, such as looking at the fluctuation spectrum of modes to estimate the elastic bending modulus, are no longer possible when domains are sufficiently Figure 13 . Vesicle Shape Changes during Channel Insertion. We study the shape changes of vesicles during channel insertion using our particle-to-continuum mapping approaches introduced in Section IV. We consider the basis-expansion coefficients, a00, a20, x22, and a40 for the modes Y coarsened and homogenization theory is no longer applicable. As an alternative, we have investigated twopoint correlation functions and active deformations of the heterogeneous membranes to gain insights into their mechanics. In our compression experiments, we found that heterogeneity can serve to defer deformation or relieve stresses in the membrane through rearrangements of the phase-separated domains. We found during insertion and transport of vesicles within slit-like channels that heterogeneous vesicles can exhibit significant variability during the insertion process, behaving much different than homogeneous vesicles. We have introduced quantitative approaches to characterize the responses of heterogeneous vesicles and investigated how their mechanics can differ from homogeneous vesicles.
in our studies is a 9-3 LJ-potential. The force exerted by the i th particle on the wall is given byF w,i = −∇ zw U w (z i −z w ). For our studies of compression, we sum over all of the vesicle's particles with |z i − z w | < 2.5σ to obtain the total particle-wall force
In our studies, the bottom wall is stationary, so we use the wall separation z = z T op − z Bottom to parameterize the force F T op (z). We use this approach to compute the reported resisting forces when compressing homogeneous and heterogeneous vesicles between the planar walls in Section V D.
